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We use an exact general relativistic model structure within an FRW cosmological background
based on a LTB metric to study the gravitational lensing by a cosmological and dynamical structure.
Using different density profiles for the model structure, the deviation angle and the time delay
through the gravitational lensing has been studied by solving the geodesic equations. The results
of these exact calculations have been compared to the thin lens approximation. We have shown
that the result for the thin lens approximation based on a modified NFW density profile with a
void before going over to the FRW background matches very well with the exact general relativistic
calculations. However, the thin lens approximation based on a normal NFW profile does differ from
the exact relativistic calculation. The difference is more the less compact the structure is. We have
also looked at the impact of our calculation on the observational interpretation of arcs in the case
of strong lensing and also the reduced shear in the case of weak lensing. No significant difference
has been seen in the data available.
PACS numbers: 98.80.Jk, 98.62.Js, 98.62.Ck , 95.35.+d
I. INTRODUCTION
Nowadays gravitational lensing (GL) has been turned
out to be a powerful tool in astrophysics and cosmology,
from the exoplanet detection to the dark matter, dark
energy and Hubble parameter measurements. The
strong and weak lensing technology is now widely used
and its thin lens (Th-L) approximation procedure is the
prevailing method of estimating the mass of large scale
structures like galaxies and cluster of galaxies leading to
dark matter and dark energy contents of the universe
[1]. The current view is that this Th-L approximation,
based on fundamental features of light rays in general
relativity, is accurate enough at the cosmological scales
where we are faced with very weak gravitational fields
and potentials. There has been already some attempts to
compare the Th-L method to the more exact integration
of null geodesics in a perturbed cosmological background
([2, 3], see also [4] and the references there). Even
in the Th-L methode it is assumed that the effect of
inhomogeneities only affect angular distances through
Swiss-cheese models [1, 5, 6] and have not important
effect on the lens scale. All these attempts lack a full
general relativistic model to be compared with the Th-L
technology and to conclude about its accuracy.
Perturbative techniques may be used in cases where
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local features are discussed in the presence of the weak
gravity[7]. However, when non-local or quasi-local
phenomena are in play we may not be allowed to
use the same perturbative method. This is the main
question of this paper. Quasi-local concepts, like the
mass of a cosmic structure in contrast to the mass of a
test particle, and the concept of the event horizon or
boundary of a black hole, are usually sensitive to global
assumptions like being asymptotically flat or asymp-
totically FRW background, irrespective of how weak or
strong the gravity may be. For example, the unique
exact event horizon of a Schwarzschild black hole is split
into an apparent and an approximative event horizon
once it is considered as a dynamical cosmic black hole
[9]. These counter-intuitive effects not detected in the
perturbational approach are inherent in the presence of
the quasi-local phenomena. The definition of quasi-local
mass of a structure in general relativity is another
example [8]: In general there are many definitions for
it, none of them being preferred. It has already been
shown numerically how different various quasi-local mass
definitions of a general relativistic structure may be
[9]. The matching behavior of a spherically symmetric
cosmological structure glued to a FRW background with
the necessity of a void reflected in its density profile [10]
is another example of a quasi-local phenomenon relevant
to the gravitational lensing problem we are going to
study in this paper. Quasi-local field irregularities, such
as the wall of large voids, may also lead to new relativis-
tic effects not inferred from the familiar approximative
approaches, as shown in [11].
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2Our aim in this paper is to study the exact general
relativistic gravitational lensing by a spherically sym-
metric overdensity structure within an FRW universe
and compare it with the corresponding Th-L approach
to understand more exactly the accuracy of this tech-
nology as a perturbation to the exact general relativistic
model calculation. Note that Th-L approximation is the
basic underlying model used in cosmology to interpret
observational data related to the gravitational lensing.
Our cosmic structure is defined by an exact solution of
the Einstein equations not produced by a cut-and-paste
technology to be sure that all dynamical quasi-local
effects are taken into account and to avoid the case of
freezing of probable effects or features due to the gluing
of different manifolds. There is already an exact general
relativistic model structure within an FRW universe
based on a Lemaˆıtre, Tolman and Bondi (LTB) metric
[12–14] representing an inhomogeneous cosmological
model with a source at its center [9]. Choosing such a
model for an extended lens, we study the gravitational
lensing in the dynamical cosmological background in
the framework of general relativity. The null geodesic
equations of this exact model are integrated numerically
to obtain the deflection angle and time delay for different
density profiles. The results are then compared to the
corresponding thin lens approximation.
Section II is an introduction to the LTB metric and
the corresponding geodesic equations. We then go over
in section III to define a toy model and a modified NFW
structure model consistent with a smooth matching to
our FRW background. Section IV includes definitions
we need to calculate the deflection angle and the time
delay either by integrating the geodesic equations or by
the corresponding thin lens approximation. The results
are then given in section V. We then conclude in section
VI.
II. LTB METRIC
The metric of an inhomogeneous spherically symmetric
LTB space-time may be written in the comoving coordi-
nates as (G = 1, c = 1)
ds2 = −dt2 +X2(r, t)dr2 +R2(t, r)dΩ2. (1)
It represents a cosmological solution filled with pressure-
less perfect fluid with density of ρ(r, t) in the absence of
a cosmological constant satisfying
ρ(r, t) =
M ′(r)
4piR2R′
, (2)
X =
R′√
1 + E(r)
, (3)
R˙2 = E(r) +
2M(r)
R
. (4)
Here dot and prime denote partial derivatives with re-
spect to the parameters t and r respectively. Equation
(4) has three different analytic solution, depending on
the value of E, given by
R = −M
E
(1− cos η),
η − sin η = (−E)
3/2
M
(t− tb(r)), (5)
for E < 0, and
R =
(
9
2
M(t− tb)2
) 1
3
, (6)
for E = 0, and
R =
M
E
(cosh η − 1),
sinh η − η = E
3/2
M
(t− tb(r)), (7)
for E > 0.
These solutions have three free parameters: tb(r),
E(r), and M(r). Given that the metric is covariant un-
der the rescaling r → r˜(r) one of these functions may be
fixed.
The geodesic equations may be written in the arbitrary
plane of θ = pi2 due to the spherical symmetry:
t :
d2t
dλ2
+XX˙
(
dr
dλ
)2
+RR˙
(
dφ
dλ
)2
= 0, (8)
r :
d2r
dλ2
+ 2
X˙
X
dr
dλ
dt
dλ
+
X ′
X
(
dr
dλ
)2
− RR
′
X2
(
dφ
dλ
)2
= 0,
(9)
φ :
d2φ
dλ2
+ 2
R˙
R
dt
dλ
dφ
dλ
+ 2
R′
R
dr
dλ
dφ
dλ
= 0, (10)
where λ is an affine parameter. Equation (10) expresses
the conservation of the angular momentum:
L = R2
dφ
dλ
= Const. (11)
We are interested in the light-like geodesics. From the
metric we obtain the light-like condition in the form(
dt
dλ
)2
= X2
(
dr
dλ
)2
+R2
(
dφ
dλ
)2
(12)
These non-linear coupled differential equations can not
be solved analytically. To solve them for specific func-
tions M(r), t(r), and E(r) we do need all derivatives of
the metric functions given in the Appendix I.
III. STRUCTURE MODELING
Our study begins with a try to build models of mass
condensation within an otherwise expanding universe us-
ing the LTB metric and the corresponding field equa-
tions. We will start with a toy model expressible in an-
alytic functions and then continue to construct a more
realistic model using the procedure proposed in [15, 16].
3A. Toy model
Let’s specify some smooth and analytic functions for
LTB parameters tending at far distances to the corre-
sponding flat FRW metric and, at the same time, lead-
ing to a dense structure at the center. Our choice is a
modification of the model proposed in [9]:
tb = 0 (13)
M(r) =
1
a
[(
r
r0
) 3
2
+
(
r
r0
)3]
(14)
E(r) = −b
(
r
r0
)
e−
r
r0 , (15)
where a,b and r0 are positive constants that determine
the length scale of structure and its time evolution. The
model is mainly characterized by E (see Fig. 1), being
negative, having a minimum at r = r0, and approaching
zero for large r. This ensures us a collapsing structure
with a collapse time increasing exponentially with the
radius:
tcol(r) =
2pi
ab
[
1 +
(
r
r0
) 3
2
]
e
3
2
r
r0 . (16)
Note that for r = 0 we have tsing ≡ 2piab .
The density profile as a function of the physical radius
R at two different times is given in Fig. 2. It is seen
that the density profile of the structure at a time before
tsing is very similar to a top hat model. At any time
later, however, it becomes singular at the center with a
mass in-fall increasing with the time. The profile is then
proportional to R−α with α being almost 32 . The density
at far distances tends to the matter dominated flat FRW
background density. We have chosen a, b and r0 such
that the scale of the structure is in the range of a cluster
of galaxy:
ρb(t) =
1
6pit2
(17)
The resulting density profile shown in Fig. 2 has a void
which is generic to any structure formation in general
relativity. We know already that within general relativ-
ity it is not possible to paste a spherically symmetric
over-dense region to a FRW background except via an
under-dense region or a void [10]. In a more realistic
dynamical setting, like a LTB metric as an exact overall
solution of Einstein equations we are considering, the nu-
merical calculation shows that any initial density profile
representing an over-dense region leads finally to a void
before going to the background FRW. This is a general
relativistic quasi-local feature which may be related to
the voids we know from observations. We have to take
it anyhow into consideration in comparing exact general
relativistic calculations with any approximative method
like the thin lens approximation in the gravitational lens-
ing. Based on this exact result, we will always include a
void in our definitions of the density profiles.
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FIG. 1: E(r) for toy model as a function of r
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FIG. 2: Density profile of toy model as a function physical
radius R in unit of background density at each time. Solid line
which is for some time before tsing is similar to top hat profile
and dash line which is for some time after tsing is singular and
behave approximately as R−
3
2 near center. Both profiles tend
to background density at far distances.
B. Model based on a given density profile
In the case some boundary conditions are given the
field equations can be integrated to specify the model.
The corresponding algorithm is formulated by Krasin´ski
and Hellaby [15, 16]. We are interested in a model based
on a known density profile. It is then necessary to specify
the density profile at two different times t1, t2 as a func-
tion of the coordinate r. Now, the algorithm is based on
the choice of r-coordinate such that M(r) = r. This is
due to the fact that M(r) is an increasing function of r.
Therefore, E and tn become functions of M . The LTB
functions E(M) and tn(M) may then be extracted from
4the algorithm. For the initial time we choose the time of
the last scattering surface: t1 ' 3.77 × 105yr. The ini-
tial density profile should show a small over-density near
the center imitating otherwise a FRW universe. There-
fore, we add a Gaussian peak to the FRW background
density. We know already that having an over-density
in an otherwise homogeneous universe needs a void to
compensate for the extra mass within the over-density
region. Therefore, to compensate this mass we subtract
a wider gaussian peak:
ρ(R, t1) = ρb(t1)
[(
δ1e
−
(
R
R0
)2
− b1
)
e
−
(
R
R1
)2
+ 1
]
,
(18)
where δ1 is the density contrast of the Gaussian peak, R0
is the width of the Gaussian peak and R1 is the width
of the negative Gaussian profile. The mass compensa-
tion condition leads to an equation for b1. For the fi-
nal time we choose the time when our null geodesy has
the nearest distance to the center of our model struc-
ture. For instance if we set our lens at the redshift
z ' 0.2 then t2 ' 6.98Gyr (in the flat matter dominated
universe, the present time is about 9.18Gyr if we set
H0 = 71km/sMpc). The density profile that we choose
for this time is the universal halo density profile (NFW)
[17] convolved with a negative Gaussian profile for mass
compensation plus background density at that time:
ρ(R, t2) = (ρNFW − b2ρb(t2)) e−
(
R
R2
)2
+ ρb(t2), (19)
where
ρNFW = ρb(t2)
δc(
R
Rs
)(
1 + RRs
)2 (20)
and
δc =
200
3
c3
ln(1 + c)− c1+c
. (21)
In our numerical calculation we will use typical values
Rs = 0.5Mpc and c = 5 for a cluster. Note that at the
time t2 a black hole singularity covered by an apparent
horizon has already been evolved. Therefore, the NFW
profile has to be modified and a black hole mass greater
than a minimum value has to be added to it at the center.
This physical fact is reflected in a shell crossing singular-
ity if we take the familiar NFW profile similar to that
assumed for the time t1. The mass we have assumed for
this black hole singularity is about one thousandth of the
mass up to the Rs and equal to 5.66× 1011M. Figs. 3
and 4 shows the LTB functions E and tn as a result of
these boundary assumptions. Using these LTB functions,
the density profile of our model structure is obtained as
depicted in Fig. 5.
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FIG. 3: E as a function of M for a cluster with NFW density
profile. Unit of M is Sun mass.
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FIG. 4: tn as a function of M for a cluster with NFW density
profile. Unit of M is Sun mass and unit of tn is 3.263Gyr.
IV. GRAVITATIONAL LENSING IN THE
DYNAMICAL SETTING
Our aim now is to study the path of a light ray emit-
ting from a distant source far from the observer within
our expanding inhomogeneous universe passing a grav-
itational lens. The result will then be compared with
the familiar thin lens approximation in a FRW universe.
This will show us how far this approximation is valid and
where one has to expect deviations. To do this we have
to explore suitable numerical methods to integrate the
geodesic equations. It turns out this is a non-trivial in-
tegration and special cares have to be taken. To solve
these equations we need four initial conditions, given the
light-like condition (12). The freedom in the choice of the
affine parameter reduces our initial conditions to three.
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FIG. 5: Density profile for a cluster. Dot line is for original
NFW profile and solid line is for our LTB model (NFW near
center that tends to background density via a compensated
underdensity).
The general relativistic model being defined now leads to
the geodesic equations to be integrated numerically.
A. definitions
The integration of the geodesics happens by a back-
shooting procedure. Our initial conditions are, therefore,
the time of observation, distance of the observer from
the lens expressed in terms of the redshift of the lens at
the time of observation, and angle between the line of
sight to the image of source and the line of sight to the
lens or image angle at the observer location (θ in Fig.
6):
tan θ =
R dφdλ
R′ drdλ
∣∣∣∣∣
null geodesic
. (22)
The integration is done from the observer to the source
(at a specific redshift). Assuming then there is no lens,
the model is a homogenous flat FRW universe and the
geodesics are straight lines (in comoving coordinates) al-
lowing us to determine angle between the source and the
lens (β in Fig. 6):
tanβ =
sinφf
ri
rf
− cosφf , (23)
where φf is the ÔLS angle, ri is the comoving distance
of the observer, and rf is the comoving distance of the
source from the center of coordinate system in the ab-
sence of the lens at the time tf defined by the root of the
equation
(
t
1
3
i − t
1
3
f
)2
=
1
9
R2i
t
4
3
i
+
R2f
t
4
3
f
− 2RiRf
t
2
3
i t
2
3
f
cosφf
 . (24)
We then may write the lens equation and determine the
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FIG. 6: GL diagram: O is observer, S is source, S’ is image
in source plane, L is lens and αˆ is deflection angle.
deflection angle αˆ:
αˆ = (θ − β)DOS
DLS
, (25)
where we have assumed that the presence of the lens
has not a significant effect on the distances and we may
use the corresponding FRW distances. The reason that
we calculate αˆ instead of α is that it is independent of
distances and is a local quantity that depends only on
the lens parameters.
B. the numerical method
Given the complexity of the differential equations
we intend to integrate, the numerical method we use
may be very sensitive. We first started with the fa-
miliar Runge-Kutta adaptive step size algorithm with
proportional and integral feedback (PI control) [18] in
which the step size is adjusted to keep local error under
a suitable threshold. We started with the so-called
embedded Runge-Kutta of the rank 5(4). It turned out,
however, that its accuracy is too low. Therefore, we
tried the rank 8(7) and then the rank 11(10) algorithm.
The difference between these two last ranks, however,
turned out to be marginal and below one percent, Given
the time-consuming rank 11(10) algorithm, we preferred
to use the rank 8(7) one. Now, as a first test for the
accuracy of the numerical method we tried the trivial
case of an LTB model namely the FRW case expecting
a null result. A non-negligible deflection angle of the
order of few miliarc seconds turned out as the result
as shown in Fig. 8. We suspected to face a numerical
6effect. To understand the numerical algorithm more
deeply and the source of the effect more clearly, we
continued to calculate a more concrete and non-trivial
LTB case, and tried two different density profiles. The
result for the rank 8(7) Runge-Kutta numerical method
applied to a structure with a compact density profile did
agree with the thin lens approximation. However, in the
case of a more diffuse density profile the result showed
a deflection angle up to an order of magnitude higher
than the thin lens approximation, as shown in Fig. 7.
Suspecting the effect to be not a genuine one but just a
numerical artefact due to the errors in the LTB metric
functions, we did increase the accuracy of that part
of calculations related to the sensitive LTB functions.
The problem, however, persisted even in the case of the
toy model with analytic metric functions. We therefore
did not trust the result and turned to other numerical
methods!
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FIG. 7: Deviation angle vs. image angle for diffuse density
profile. Plus points are results of ray tracing by RK algorithm
and solid line is for thin lens approximation.
The root of the numerical deficiency could be due to
the term dφdλ in our equations, which is almost zero in the
most part of the path of the light ray and changes sud-
denly to pi in the vicinity of the lens. This is a well-known
phenomenon in the numerical calculation of the differen-
tial equations called as ”stiff” [19]. The characteristic
property of such equations is the presence of two quite
different scales. In our case we have on one side the cos-
mological distance scale of the source relative to the lens
and observer and on the side the scale of the structure or
the nearest distance of the ray to the lens. This led us to
the so-called semi-implicit Rosenbrock method of the nu-
merical integration of differential equations [18, 19]. As
a first test we did again the trivial case of a FRW model.
The result shown in Fig. 9, in contrast to Fig. 8, is an ac-
ceptable one, showing how sensitive different numerical
methods maybe. Therefore, we have done the integra-
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FIG. 8: Deviation angle in FRW model in Runge-Kutta inte-
gration method.
tion of the geodesic equations by using the semi-implicit
Rosenbrock method.
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FIG. 9: Deviation angle in FRW model in the Rosenbrock in-
tegration method, horizontal axis is the angle between image
and lens.
In the case of NFW profile, there are regions where the
calculation of LTB metric functions needs more accuracy.
Within the parametrization we are using, this occurs at
the deep sector of the underdense region where the mass,
say r, increases very slowly. We therefore decrease the
mass step there. During the interpolation procedure we
have checked if the results of the derivatives due to the
interpolation coincides within the required accuracy with
the independent results for the same derivatives accord-
ing to numerical algorithm. In cases of large deviations
we have increased the number of interpolating points to
achieve the required accuracy.
7C. Thin Lens approximation
Our aim is to compare the result of the exact model
with the thin lens approximation to see if and how they
my differ. The Fermat principle used in the thin lens
approximation means that the light rays choose the min-
imum time. Within the gravitational lensing effect we
expect, however, two different terms for the time delay
due to different paths and due to different gravitational
potentials. It is well known that in the presence of the
gravitational field Φ, clocks work slower by a factor of
(1 + 2Φ). Given the assumption that the light path does
not deviate from the background path except at the lens
plane, the geometrical time delay can be approximated
easily by the cosines law in the OIS triangle of Fig. 6:
∆tgeo =
DOLDOS
2DLS
(θ − β)2 (26)
To obtain the gravitational part, we first solve the
geodesic equations of the thin lens approximation to first
order in the gravitational field Φ. The perturbed FRW
metric in the Newtonian gauge is written as
ds2 = −(1 + 2Φ)dt2 + a2(t)(1− 2Φ)(dr2 + r2dΩ2). (27)
The corresponding gravitational time delay consists of
two parts: a part which mainly depends on the met-
ric and lens-source-observer configuration and is almost
independent of the light trajectory or the image in the
interested cases of small θ. Therefore, it is usually can-
celed out while calculating the time delay for two im-
ages of the same configuration. However, in our case,
being interested in the time interval difference between
a lensed image in an inhomogeneous LTB model and the
corresponding unlensed image in a FRW model, one has
to take this ”configuration-term” into consideration[20].
Now, the time delay is given by
∆tgrv = Ψ(θ) = ψI(θ) + ψII(θ), (28)
where
ψI(θ) =
∫ r∞
ξ
4Φ(r′)√
1− ( ξr′ )2
dr′ = 2
∫ z∞
0
Φ(θ, z′)dz′,
=
1
pi
∫
κ(θ′) ln(|θ − θ′|)dθ′2. (29)
Here κ is the scaled surface mass density of the lens. In
the case of axially symmetric case this term simplifies to
ψI(θ) = 2 ln θ
∫ θ
0
θ′κ(θ′)dθ′ + 2
∫ θ∞
θ
θ′κ(θ′) ln θ′dθ′.
(30)
Assuming a point like lens (Φ = −Mr ), this term for
the gravitational time delay leads to −4M ln(θ/2). If we
assume, however, a NFW density profile, we obtain
ψI,NFW (x) = 8piρbδcR
3
s
(
ln2
x
2
− arctanh2
√
1− x2
)
,
(31)
where x = R/Rs.
The configuration-term of the time delay is given by
ψII(θ) =
∫ r∞
ξ
2(Φ(r′)−Φ(ξ))
(
ξ
r′
)2
(
1 +
(
ξ
r′
)2)3/2 dr′. (32)
It is easily seen that for a point like lens this term leads
to 2M(1− θ).
We have calculated numerically the contribution of
each of the above terms in the gravitational time delay
using a NFW density profile. The result is depicted in
Fig. 10. Evidently, the contribution of the second term
is approximately constant. Therefore, in the usual case
of measuring the difference of time delays for two or more
images, this term may be ignored. However, given our
interest of comparing time delays to the FRW case, we
have to keep this term.
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FIG. 10: Gravitational time delays plotted against impact
parameter R. Continues line is for part I and dashed lines
depicted part II share.
There is another issue we have to face. The two metrics
(1) and (27) are not written in the same gauge. We have
therefore to see how to transform the coordinates from
the Newtonian gauge to synchronous LTB time and look
for probable effects on the time delay we are interested in.
This is done by K. Van Acoleyen [21] and A. Paranjape,
T. P. Singh [22]:
tNFW = tPFRW + a(tPFRW )
∫ ∞
r
vpecdr (33)
vpec = R˙− a˙
a
R. (34)
This transformation is related to the observer moving
from infinity to the comoving distance r and back again
8to infinity. It is therefore seen that the extra term in (33)
is canceled out. Hence, the time delays in these two coor-
dinates are equal, as expected due to the fact that both
metrics tends to FRW metric at infinity. Now, neglecting
the second term and applying the Fermat principle, we
obtain the lens equation [23]:
θ − β = DLS
DOLDOS
dΨ(θ)
dθ
(35)
V. RESULTS
Given the ambiguity of the mass definition in general
relativity, the interpretation of the results require a more
than usual details to be checked. That is why we have
looked for different results corresponding to six different
data sets, depending on the underlying model and
assumptions to calculate the deflection angle, and on the
mass associated to a definite density profile. We already
know that there are different masses corresponding to
one and the same density profile, none of them being
preferred on the physical basis.
We first calculate different cases related to a toy model
density profile. This will show us the characteristic fea-
tures of different conditions of our model being based on
the LTB or a thin lens- (TL-) model. We then go on
to assume a NFW density profile and a structure of the
scale of a galaxy structure and compare the results of
LTB with TL model using different cutoffs. The time de-
lay for different models and a comparison of its features
relative to the deviation angle is also given.
A. Deviation angle for the toy model
Fig. 11 shows the results for the deflection angle as a
function of the impact parameter Rmin expressed in kpc
for different gravity model models and conditions but the
same toy model for the density profile described in section
III. In the following we describe theses cases differentiat-
ing them with the same symbol as in the figure.
+ LTB General relativistic exact model based on our
LTB model solution. The geodesic equations are
integrated numerically. No other assumption is re-
quired. Note that at R = 550kpc, where almost all
different curves coincide, we have the void.
TL-Void-ρb Thin lens formalism based on a mass
defined by the projection of the overdensity ρ− ρb
on the lens plane along the light path. Note that
all the mass up to a distance where the density is
almost equal to the background density after the
void is included, i.e. including those points where
the effective mass in negative due to the negative
overdensity (underdensity).
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FIG. 11: Deviation angles for the toy model. The thin lens
approximation with a cutoff after the void is almost identical
to the exact GR results. If we change the cutoff in the thins
lens approximation to the point where the density is minimum
at the minimum of the void then there are some deviations
from the our exact GR model. We may define the cutoff at the
point where the expansion rate of the structure is equal to that
of the background. Then the deviation from the exact GR
result is increasing with the increase of teh Rmin. Assuming
a Schwarzschild point mass, the results depends heavily on
the mass definition. The picture shows the result for the
corresponding Misner-Sharp and Brown-York masses.
TL-ρmin Thin lens approximation based on a
mass defined by projection of density on the lens
plane and a cutoff at the minimum of the density
(ρmin), i.e. minimum of the void.
· TL-H-cutoff Thin lens formalism and a cutoff de-
fined by the location where expansion rate equals
to background Hubble rate.
N SS-MS Mass Schwarzschild (point mass) model.
The mass is chosen to be the Misner-Sharp mass.
× SS-BY Mass Schwarzschild model with the general
relativistic Brown-York mass corresponding to the
same density profile.
Before going to the more realistic NFW density profile
we should look more into the details of the differences
to the results obtained for the toy model characteristic
of the results for different cases relevant to astrophys-
ical applications. The most relevant result is that the
general relativistic exact model leads to almost identical
result to the thin lens approximation with the relevant
density being the overdensity ρ − ρb if one chooses the
cut off at a point where the void matches to the back-
ground. Otherwise, for example choosing the cutoff at
the minimum density, we should expect some deviations.
If the cut off is chosen to be at the point where the ex-
pansion rate associated to the structure is equal to the
9the background Hubble parameter the deviation is much
more and increases with the increase of the impact ra-
dius. We have added the result for a model based on
the mass concentrated at the center of the structure, the
so called Schwarzschild case in the figure. We have cho-
sen the relevant mass to be the familiar Misner-Sharp
or Brown-York one. The results are expectedly different
and different to the thin lens and LTB one. A very inter-
esting feature of these cases is that some of them coincide
for the exact LTB model for the impact parameter being
almost equal to the void distance.
B. Deviation angle for the NFW density profile
We now turn to a more realistic density profile, the
NFW one, to make the same comparison between the ex-
act LTB model and the thin lens approximation. We have
first taken the density to be the oversdensity in an other-
wise FRW model, namely ρ− ρb. We know already that
the matching of any overdensity region to a background
in general realtivity goes through an underdensity region
or a void [10]. In the case of exact LTB model this is im-
plicitly done by the integration of the geodesics. In the
NFW case this is usually dismissed by taking the NFW
density to be the pure density and integrating it out to
zero. We may, however, add a void to the NFW density
profile and match it to the background as described in
section III B. In the case of the pure NFW without void,
the corresponding equations can be integrated analyti-
cally to give the deviation angle [24, 25]:
αˆ(x) =
4Msing
xRs
+ 16piρbδc
R2s
x
(
log
x
2
+ F (x)
)
(36)
F (x) =

arctanh(
√
1−x2)√
1−x2 x < 1
1 x = 1
arctan(
√
x2−1)√
x2−1 x > 1
(37)
The result for the three cases, the exact LTB model
with a modified NFW overdensity profile, thin lens ap-
proximation using the modified NFW with void, and the
thin lens approximation using the normal NFW is de-
picted in Fig. 12. Here again the two cases of the thin
lens approximation with NFW density profile including
the void and the LTB exact method almost coincide. The
thin lens approximation with the familiar density profile
without a void differ however from the exact LTB model.
The difference in the deviation angle can be more than
30 per cent depending on the impact parameter. The dif-
ference between the exact general relativistic LTB model
and the thin lens approximation is due to the absence
of the void in the normal NFW profile used in the thin
lens approximation. To see the implications of the NFW
parameters in this difference we have also calculated the
deviation angle for different NFW profiles, with and with-
out void. The result is depicted in the Fig. 36. We see
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FIG. 12: Deviation angle in NFW model. Plus points are
from geodesic integration, continues line is for thin lens ap-
proximation and dashed line is for pure NFW profile without
underdensity region (formula (36)).
again that different NFW profiles including a void al-
most coincide with the exact LTB model. Models with
the NFW profiles without void, however, differ substan-
tially from the exact model. The difference is higher the
bigger the c parameter is, i.e. the less the concentration
of the density of structure is. We are not aware of any ob-
servational evidence for such deviations. The effect does
also depends on the specifications of the void profile, as
shown in Fig. 14. The deeper the void the more is the ef-
fect of deviation from the the original NFW profile. Note
that the extension of the void is not independent of its
depth due to the condition of mass compensation. The
void density may also be changed by choosing different
b2 in 19.
The maximum deviation of the deflection angle is
therefore expected to occur at the large impact parame-
ters.
C. Strong lensing effects
Tangential arcs as examples of observational objects
produced by strong lensing may be used to study our
results. It is, however, not a trivial task to use the obser-
vational data for our purposes. Usually the virial mass
and concentration are reported. We had to convert them
to M200 and c200 by the method mentioned in [30], as-
suming ΩM = 0.27,ΩΛ = 1 − ΩM and h = 0.7). Table I
shows the effect of void on the modification of mass and
concentration for some reported clusters. In all the cases
the general relativistic effect is smaller than the errors.
However, this modification increases with the increase of
the Einstein radius. For example for A370, which has
one of the farthest arc ever observed and has a low con-
centration, the effect of the void projection is the most.
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Cluster zcluster zarc M200(1014Mh−1) c200 θE(arcsec) M
new
200 (10
14Mh−1) c
new
200 Ref.
SDSS1038+4849 0.430 2.198 0.70+0.49−0.18 33.75
+0.00
−18.46 12.6
+1.3
−1.6 0.70 33.79 [28]
SDSS1209+2640 0.561 1.021 5.45+1.66−1.31 6.69
+1.38
−1.08 8.8
+0.9
−0.9 5.49 6.70 [28]
A1703 0.277 2.627 9.46+1.66−1.41 5.67
+0.93
−0.69 27.4
+2.7
−2.7 9.50 5.68 [28]
A370 0.375 1.5 2.58+0.32−0.28 6.37
+0.94
−0.77 43 2.62 6.40 [29]
A1689 0.183 3.05 1.42+0.21−0.20 12.40
+3.23
−2.28 52 1.43 12.44 [29]
TABLE I: Modification of clusters mass and concentration by considering the effect of void on surface density based on arc
observations (θE is Einstein radius)
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FIG. 13: Deviation angle for the NFW model with differ-
ent parameters. The horizontal axis is normalized to Rs and
the vertical axis to the maximum of the deflection angle for
each model. The dashed line corresponds to the NFW model
without void (formula (36)).
D. Weak lensing effects
The maximum deviation of the deflection angle occurs
at the large impact parameters. In practice, however, we
expect weak lensing effects at such distances instead of
the strong lensing, leading to modification of ellipticity of
the background galaxies [26]. The related observational
quantity is the shear which in the axially symmetric cases
is defined in as follows:
γ(θ) =
Σ(θ)− Σ(θ)
Σcrit
(38)
Σcrit =
c2
4piG
DOS
DLSDOL
(39)
For the familiar NFW profile we need only to calculate
Σ(θ), due to the fact that the deviation angle is related to
the average surface density by the α(θ) = θΣ(θ)/Σcrit.
For the surface mass density of the NFW profile (x =
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FIG. 14: Deviation angle for different voids. The dashed line
is for the familiar NFW profile, the solid line for a void with
the minimum density contrast of -0.51, and dashed dot line
for a deeper void with the contrast -0.94 .
R/Rs) we have [27]:
Σnfw(x) =

2rsδcρc
(x2−1)
[
1− 2√
1−x2 arctanh
√
1−x
1+x
]
(x < 1)
2rsδcρc
3 (x = 1)
2rsδcρc
(x2−1)
[
1− 2√
x2−1 arctan
√
x−1
1+x
]
(x > 1)
(40)
It is obvious from (38), that the shear is degenerate
with respect to a constant surface mass density. There-
fore, the statistical analysis of the ellipticity of the back-
ground galaxies is based on the reduced shear defined by
[26]:
g =
Σ(θ)− Σ(θ)
Σcrit − Σ(θ) (41)
We have calculated the reduced shear for our modified
NFW profile. The result shown in Fig.15 shows that
there may be up to 10 percent difference at far distances.
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FIG. 15: Reduced tangential shear for different profiles of the
void. Dashed line is for the familiar NFW profile without
void, the solid line corresponds to a void with the minimum
density contrast of -0.51, and the dashed dot line for a deeper
void with the contrast -0.94.
E. Time delay
Fig. 16 shows the time delay in three cases: exact LTB
model and the thin lens approximation with the modified
NFW density profile with a void, and the normal thin lens
approximation with a NFW profile without a void. Here
again we see that the geodesic integration method has a
relatively good agreement to the thin lens approximation
including a void, although the agreement is not as good as
in the case of the deviation angle. In fact, the deviation
angle is derived by differentiating the time delay relation.
Therefore, it is not sensitive to an additive constant. In
obsevational practice however, what is measured is the
time delay between two or more images with the impact
parameters of the same order.
VI. CONCLUSION
In this paper we have studied the lensing effect on
the deviation angle and time delay of cosmological light
rays using an exact general relativistic LTB model for
a structure within an FRW universe. The results are
compared with the thin lens approximation used in the
gravitational lensing literature for a toy model structure
and a structure with a NFW density profile. We have
also differentiated a normal NFW density profile going
to zero and a modified one with a void before matching
to the FRW background. The aim of the paper has been
to study if and how viable the thin lens approximation
based on the weak gravity in the lensing technology is.
The main results of the paper is reflected in the
Figs. 12, 36, and 16. We have shown that by using our
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FIG. 16: Time delay in NFW model. Plus points are for
geodesic integration, continues line is for thin lens approx-
imation and dashed line is for pure NFW profile (with the
potential time delay from formula (31)).
modified NFW density profile the thin lens approxima-
tion coincides with the exact LTB general relativistic
structure model to a high accuracy. Assuming a normal
NFW density profile without a void, however, the
thin lens approximation is not valid any more and the
deviation angle may differ up to about 30 percent from
the exact general relativistic calculation. This we have
checked for different parameters of the NFW density
profile. It turns out that the deviation increases with
the increase of the c parameter of the density profile,
meaning that the deviation increases with the decrease
of the compactness of the structure. Looking at some
of the available observational data for strong and weak
lensing the general relativistic effects seems to be within
the accuracy of the observation.
We encounter a similar effect in the time delay of
lensed images due to the gravitational lensing.
We conclude that in translating the weak gravity to
different astrophysical phenomenon one has to take care
of global relativistic features. We know from general rel-
ativity that, in contrast to the Newtonian dynamics, it is
not possible to have an overdensity structure within an
otherwise underdensity background except by the medi-
ation of a void which compensates the overdensity [10].
Now, the familiar technology of thin lensing using a NFW
density profile dismiss this void which could easily be in-
cluded in a modified density profile. Adding a void and
using a modified NFW density profile correct this defi-
ciency and one obtain a result almost identical to the
exact general relativistic model. The deviation of the
normal NFW density profile from the exact relativistic
model depends on the compactness of the structure. The
higher the compactness the less is the difference to the ex-
12
act model. We should therefore see for such effects in the
astrophysical observations of galaxy clusters of different
compactness. This effect may influence our knowledge of
the cluster masses and also the so-called concentration-
mass relation of the galaxy clusters [31]. In the large
survey operated by the Euclid mission several dozens of
thousands of clusters up to the redshift z = 2 is expected
to be detectable. Therefore, we may be able not only to
detect the effect we have calculated in this paper but also
to use it to have a more precise estimate of the cosmo-
logical parameters.
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VIII. APPENDIX
For the case of E(r) = 0 we have: For the case of
E(r) = 0 we have:
R =
(
9
2
M(t− tn)2
) 1
3
(42)
R˙ =
2
3
R
t− tn (43)
R′ =
1
3
R
M ′
M
− 2
3
R
(
t′n
t− tn
)
(44)
R˙′ =
2
3
R
(
1
t− tn
)(
R′ +R
t′n
t− tn
)
(45)
R′′ =
1
3
R′
M ′
M
+
1
3
R
(
M ′′
M
− M
′2
M2
)
− 2
3
R′
(
t′n
t− tn
)
− 2
3
R
(
t′′n
t− tn +
t′n
(t− tn)2
)
(46)
and for E(r) < 0:
R = −M
E
(1− cos η) (47)
η − sin η = (−E)
3/2
M
(t− tn(r)) (48)
R˙ = (−E) 12 sin η
1− cos η (49)
R′ = R˙(t− tn)
(
3
2
E′
E
− M
′
M
)
+R
(
M ′
M
− E
′
E
)
− R˙t′n
(50)
R˙′ =
M
R2
[
t′n − (t− tn)
(
3
2
E′
E
− M
′
M
)]
+
1
2
E′
E
R˙ (51)
R′′ = R′
(
M ′
M
− E
′
E
)
+R
[
M ′′
M
− M
′2
M2
−
(
E′′
E
− E
′2
E2
)]
+ R˙
[
3
2
(
E′′
E
− E
′2
E2
)
−
(
M ′′
M
− M
′2
M2
)]
(t− tn)
+
(
3
2
E′
E
− M
′
M
)[
R˙′(t− tn)− R˙t′n
]
− R˙′t′n − R˙t′′n
(52)
X ′
X
=
R′′
R′
− E
′
2(1 + E)
(53)
and for E(r) > 0 is similar to E(r) < 0 only sin and cos
are transformed to hyperbolic functions sinh and cosh.
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